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Abstract. We compute the ramification filtration on wildly ramified p 2 -cyclic 
extensions of local fields of characteristic p. The ramification filtration on the 
compositum of two p-cyclic and p 2 -cyclic extensions are also computed. As an 
application, some partial results towards Abhyankar's Inertia conjecture has 
been proved. 



1. Introduction 

The higher ramification filtration of a wildly ramified extension contains vital 
information about the extension. For instance the degree of the different is encoded 
in this data (Hilbcrt's different formula). This in turn helps in computing genus of a 
(wildly ramified) cover of a given curve. But computing these filtrations is a difficult 
task even for cyclic Artin-Schrier-Witt extensions. For a cyclic extension of degree 
p, the computation is not hard and can be found at many places (for instance see 
|Ser[ IV, 2, Exercise 5]). In this manuscript, we compute the ramification filtration 
for p 2 -cyclic extension (Lemma 13. 4|) . We also compute the ramification filtration 
for the compositum of two p-cyclic and p 2 -cyclic extensions in a large number of 
cases (Proposition 13.31 13.51 13. 6p . The case of p 3 -cyclic extension already runs into 
computationally intractable problem. These computations involve working with 
the operations in the Witt ring. 

For an algebraically closed field k of characteristic p in |Halj , Harbater showed 
that every Galois cover of the local field k((x)) with Galois group a p-group P 
can be extended to a P-cover of Pj. branched only at x = 0. This was extended 
by Katz to all finite Galois covers of k((x)) in |Kat) . A local p 2 -cyclic extension 
of k((x)) is given by a Witt vector (a ,ai) £ W2(k((x))) of length two. And a 
(Z / pL) 2 -extension of k ( (x) ) is given by the compositum of two distinct Artin-Schrier 
extension of k((x)) corresponding to elements 61,62 £ k{{ x ))- As an application of 
our local calculations, we compute the genus of any Harbater-Katz-Gabber cover of 
P 1 associated to Galois extensions of degree p 2 in terms of valuations of 01, 02, 61, 62 
(Theorem gTj|L2l). 

Let G be a quasi-p group, i.e. a group generated by its Sylow-p subgroup, and 
I < G be such that / = Z/nZ x P where P is a p-group whose conjugates generate 
G and (n,p) = 1. Then Abhyankar's Inertia conjecture asserts that there exist a 
G-Galois cover X — > Pj. branched only at 00 such that the inertia group at a point 
of X lying above 00 is I. It is easy to see that inertia group at any ramified point 
of a Galois cover of Pjf, branched only at 00 have the above mentioned property. 
For a pair (G, /) as above, we will say (G, /) is realizable if Abhyankar's Inertia 
conjecture is true for (G, /). This conjecture is largely open though there are some 
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results in support of the conjecture. For instance Harbater in [Halj showed that if 
(G, P) is realizable for a p-subgroup P of G and Q is a p-subgroup of G containing 
P then (G, Q) is realizable. There are some results for specific Galois groups, for 
instance, see [BP] . |MP) and [Obuj . 

As an application to the computation of the ramification filtration of the com- 
positum of local extensions, it is shown in Theorem 14.41 that if (G, /) is realizable 
and P is a p-subgroup of G containing I2 then (G x Z/pZ, Q) is also realizable 
for some index p-subgroup Q of P x Z/pZ under the assumption that there is no 
epimorphism from G to Z/pZ. Here I2 appears in the lower numbering ramifica- 
tion filtration of /. Moreover if (G, /) is realizable and P is any p-subgroup of G 
containing I2 with an epimorphism a : P —> Z/p 2 Z then (G x Z/p 2 Z, Q) is realiz- 
able where Q is an index p subgroup of P x^/ p z Z/p 2 Z (Theorem I4.6j) . One of the 
ingredient in the proof is the main result of [Kum] . 

Acknowledgments. A part of this work was done while the author was at Uni- 
versitat Duisburg-Essen, where he was supported by SFB/TR-45 grant. 

2. Ramification filtration and Artin-Schrier-Witt theory 

Let L/K be a Galois extension of local fields with Galois group G. Let vk and 
vl denote the valuation associated to K and L respectively, with the value group 
Z. Let us define a decreasing filtration on G by 

Gi = {a £ G : v s {<jx - x) > i + f , Vx 6 S} 

Note that G-% = G and Go is the inertia subgroup. This filtration is called the 
lower (numbering) ramification filtration. For every i, Gi is a normal subgroup of 
G. One extends this filtration to the real line as follows: for u G K, u > — 1, let m be 
the smallest integer such that m > u then G u = G rn . Then the upper (numbering) 
ramification filtration on G is defined as G" = G^( t) ) where ip is the inverse of the 
Herbrand function (f> given by 

du 



Jq [G : Gu 

Note that <f> is bijective piece- wise linear function. Let G v+ — U £ >oG 1 ' +e . 

A number u > (respectively I > 0) is called an upper jump (respectively lower 
jump) of the ramification filtration of G if G u ^ G" + (respectively G; ^ G;+. Let 
Mi, . . . , u r be the upper jumps, l\,...,l r be the lower jumps and Si — [G : G Ui ] = 
[G : G;J. Note that Go is a p-group iff S\ — 1, i.e. L/K is purely wildly ramified. 

Remark 2.1. A straight forward computation shows that if Go is a p-group and 
if we set Iq = uq = then for i > 1, 



E 



— — - and li — ^~](Mj — u j-\) s j 



3=1 J 3=1 



Remark 2.2. Note that G t = G for some i > iff G i = G. Since <p(v) < v, 
G v = G^ D G v . This explains the "if part" . The "only if" is true because for 
!)<!, 4>{v) — v and hence ip(v) = v. 

Lemma 2.3. Let L/K be a finite Galois extension of local fields with Galois group 
G and H be a normal subgroup of G. 
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(1) Let mi, . . . , u r be the upper jumps of G/H then u\, . . . ,u r are also upper 
jumps of G. 

(2) If H = Gi for some i, and l\,...,l r are the lower jumps of H then li, . . . ,l r 
are also lower jumps of G. 



Proof. The statement (1) follows immediately from [Serl IV, 1, Proposition 14] 
by noting that if G u+ H / H C G U H/H then G u+ C G u . The statement (2) is a 
consequence of [Ser, IV, 1, Proposition 2]. □ 



Corollary 2.4. Let L/K and M/K be Galois extensions of local fields with the 
upper jumps of their Galois groups U = {ui, ...,m„} and V = {v±, . . . v m } respec- 
tively. Let N be the cardinality of the set U U V . If [LM : K] = p N then U U V is 
the set of all the upper jumps of Gal(LM/K). 

Proof. Let G = Gal(LM/K). Applying the above lemma with H as G&\(LM/L) 
and Gal(LM/M) we see that all the elements of UU V are upper jumps of G. Since 
[LM : K] — p N , G can have at most N upper jumps. □ 

Let K be field of characteristic p > and K its algebraic closure. Let W n (K) 
denote the Witt ring of length n. The ring operations of Witt rings are a little 
complicated. For instance, let (ao,ai), (bo,bi) S W2(K) then: 

(a , ai) + w (6 , bi) =(a + b , ai + 6i - [ag _1 6 + — ^ — a[p 2 &q 

(p-l)(p-2) 3,3 , , (P-1)' 7 ,p-ii \ 
+ 2 ' ' ' (p- 1)! ^ ' 

(a , ai) - w (b , h) = (a - bo, a% - bi - [ - a^bn + ^— — -a^ 2 bl - . . . 
(2J) (v IV 

Definition 2.5. Let L/K be a field extension. We say an element a E L \ K is 
an AS-element of L/K if a p — a 6 if . Moreover if (K,vk) is a local field, L/if 
is totally ramified and vk(ck p — a) is coprime to p then a is said to be a reduced 
AS-element and a p — a to be a reduced element of if. 

Definition 2.6. Let (a , . . . , a„_i) € lV„(iC). We will say that L/K is a field ex- 
tension corresponding to (ao, . . . , if there exists [olq, . . . , a n -i) 6 Wn(£) such 
that (ag, . . . ,a£_i) (ao, ■ ■ • ,On-i) = (ao, ■ ■ ■ ,«n-i) and L = K(a , ■ ■ ■ , a n _i). 

Remark 2.7. Let L/if be a totally ramified extension of complete local fields 
with perfect residue field. If a is an AS-element of L/K then there exist x G K 
such that a — x is a reduced AS-element of L/K. In fact more generally, for any 
(ao, . . . , a„_i) € W n (K) there exist (a , . . . , a4_i) e W n (K) such that Vif(a-) is 
coprime to p for all i and (a , . . . , a n -i) ~u> («oi ■ ■■, a Li) = (^oi • • • > x n-i) ~w 
(xq, . . . ,x n _i) for some (x , . . . , x„_i) £ IV„(if) ( |Schj . [Thol Proposition 4.1]). 
We shall say (a' , . . . , is reduced. 

Definition 2.8. Let L/K be a compositum of Artin-Schrier extensions. A subset 
{ai, . . . , a n } G i \ if is an AS-generating set of L/if if ai, . . . , a n are AS-elements 
and L = k(at\, . . . , a„). Moreover the above set will be called an AS-basis if [L : 
K] = p n . 
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Lemma 2.9. Let L = K(ai, . . . , a n ) be a composition of Artin-Schrier extensions, 
where on £ K, fi = a P — at £ K for all i and {ai,...,a n } is an AS-basis of 
L/K . Let 7 G L be such that j p — 7 G K then 7 = a±a\ + . . . a n a n + x for some 
a±, . . . , a n G F p and x G K. 

Proof. Note that G = G&\{L/K) = (Z/pZ) n . By Galois theory GaA{L/K(j)) 
is an index p subgroup of G. Let 7(01, . . . ,a n ) = a\a\ + . . . + a n a n G L where 
01, . . . , a n G F p . Then 7(01, . . . , a n ) p — 7(01, . . . , a n ) G K. Moreover, as 1, a±, . . .a n 
are linearly independent over K, some ai 7^ 0. So 7(121, . . . , a n ) G L \ K. Hence 
Gal(L/if (7(01, . . . , a n ))) is an index p-subgroup of G if (01, . . . , a„) 7^ (0, . . . , 0). 
From Artin-Schrier theory, we know that for b\, . . . ,b n G F p , if (7(01, . . . , a„)) = 
#(7(61,..., &„)) iff 

7(01, . . . ,a„) p - 7(01, . . . ,a„) = 0(7(61, . . . ,6„) p - 7(61, . . .,&„)) + x p - x 

for some c G Fp and x £ K . Equivalently, Q1/1 + . . . + a n f n — c(&i/i + ■ ■ ■ + 
b n fn) + x p — x. This is equivalent to x p — x = (ai — cb\)fi + . . . + (a n — cb n )f n . 
Since for each i, K(pti) and K(aj\l < j < n,j 7^ i) are linearly disjoint over 
K, no nontrivial F p -linear combination of /1, . . . , /„ is of the form x p — a;. Hence 
x p -x = (ai-cbi)f\ + . . . + (a n -cb n )f n is equivalent to (ai, . . . , a n ) = c(h, ■■■,b n ). 

So we have shown that there are (p n — l)/(p — 1) many distinct p-cyclic in- 
termediate extensions of the form K(~f(ai, . . . ,a n ))/K of L/K. Also there are 
(p n — l)/(p ^ 1) subgroups of index p in G. Hence by Galois theory K (7) = 
if (7(01, . . . , a n )) for some 01, . . . , a n not all zero. But this implies 7 P — 7 = 
0(7(01, . . . , a n ) p — 7(01, . . . , a n )) + x p — a; for some c G ¥ p and x £ K. Simpli- 
fying, we obtain 

(7 — (caiai + . . . + ca n a n ) — x) p — (7 — (caiai + . . . + ca n a n ) — x) = 
Hence 7 = (caiai + . . . + ca n a n ) + x + d for some d G F p . □ 

Proposition 2.10. Let L/K and M/K be linearly disjoint Galois extensions with 
Galois groups G± and G2 respectively. Let v, w\ and W2 be the valuation associated 
to K , L and M respectively with w\ and W2 being extensions of v. Let 1\ and 
I2 be the decomposition subgroup of G\ and G2 at w\ and W2 respectively. The 
decomposition subgroup of the compositum LM / K at a valuation w of LM which 
extends W\ and W2 is the subgroup I± X/ J 2 of G\ x G2 where L — Gal(_L n M/K). 

Proof. Note that all fields in the above proposition can be viewed as subfields of 
LM, the completion of LM along w. Moreover, the inclusion of L n M in L 
(respectively M) gives an epimorphism L\ — > I (respectively L2 — > L). 

By Kum, Lemma 3.1] the decomposition subgroup of LM/K at w is isomorphic 
to Gal(LM/K). But this is same as I x X// 2 since G&\{L/K) = I x and Gal(M/K) = 
1%. □ 

3. Local theory 

Let K be a local field of characteristic p, R the associated valuation ring, v the 
valuation and k the residue field. Note that a p-cyclic extension of K has only one 
jump in the ramification filtration. 

Lemma 3.1. Let L/K be a Galois extension of local fields. Let a £ L be such 
that a p — a £ K and v(a p — a) — —i is prime to p. Then i is an upper jump of 
G = G&\{L/K). 
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Proof. The inclusion K(a) C L induces an epimorphism G — > G / H = G = 
G&\(K(a)/K) where H — G&\(L / K (a)) . We know that the only upper jump of G 
is i ( |Ser[ IV, 2, Exercise 5]). By Lemma f2.3[ i is an upper jump of G as well. □ 

Lemma 3.2. Let L and M be totally ramified Galois extensions of K with Ga- 
lois groups of exponent p. Suppose the upper numbering jumps {u\, . . . ,u{\ and 
{i>i, . . . , v m } of L/K and M/K respectively are all distinct, i.e., ^ Vj for all i,j. 
Then the first upper jump w\ of LM/K is the minimum of u\ and v\. Moreover 
G&\(LM / K) Wl+ = G&l{L/K) Wl+ x G&\{M/K) W ^ + . 

Proof. Let G = G&\{L/K), H = Gal(M/K) and T = Gal(LM/K). Without loss 
of generality suppose U\ < V\ . Since G and H are p-groups G Ul = G = G U1 and 
H Vl = H = H V1 . By Lemma |2~31 T has an upper jump at u±. So Wi <u±. 

Suppose wi < u\, then there exist 7 G LM \ K such that j p — 7 G K and 
v(-f p — 7) = —w\. Since w\ is also the first lower jump of T, (p, wi) = 1. By Lemma 
12.91 and Remark 1 2. 7\ 7 = act + bj3 + x for some a G L, f3 € M reduced AS element 
w.r.t. K, a,b G F p not both zero and x € K . By Lemma f3.lt — v(a p — a) and 
—v(/3 p — /3) are equal to one of the upper jumps of G and H respectively. Since 
the upper numbering jumps of G and H are distinct v(a p — a) ^ v((3 p — f3). If 
v(x) > then v(x p — x) > > min(v(a(a p — a)), v(b((3 p — /3))) otherwise v{x p — x) 
is a multiple of p. So — w\ = v(j p — 7) = mm{v(a(a p — a)), v(b((3 p — /?))}. But this 
implies Wi > u±, a contradiction! □ 

Proposition 3.3. Let L and M be distinct totally ramified Artin-Schrier extensions 
of K corresponding to f and g respectively, where f,g G K are reduced. Let i be the 
upper jump of L/K and j be the upper jump of M/K. The ramification filtration 
on the Galois group G = Gal(LM / K) is given as follows: 

(1) If i < j then the upper jumps are i and j with G % = G = (Z/pZ) 2 and 

= Z/pZ. 

(2) LM/K is not totally ramified iff for some a G ¥ p and x G K, f + ag + x p — 
x G k. In this case, i = j, the inertia group is Z/pZ and the only upper 
jump is at i. 

(3) If i = j and LM/K is totally ramified then there are two cases. If I — 
—v(f + ag + x p — x) < i for some a G F p and x G K then I > 1 and the 
upper jumps are I and i with G l = G = (Z/pZ) 2 and G l — 7L/p1. Other 
wise there is only one upper jump at i and G l = G = (Z/pZ) 2 . 

Proof. Let a, (3 G K be such that a p — a — f and (3 P — f3 = g. Since the upper 
jump of L/K is i, v(f) = — i. Similarly, v(g) = —j. 

Note that (1) follows from Lemma T3. II and Corollarv l2.4l 

For (2) note that if / + ag + x p — x G k for some a G F p and x G K then 
K (a + a/3)/ K is an unramified extension of K. Hence LM/K is not totally ramified. 
Conversely, if LM/K is not totally ramified then there exist 7 G LM \ K such that 
7 P — 7 G k, since Gel(LM/ K) = (Z/pZ) 2 and K is a local field of characteristic 
p. Now by Lemma 12.91 7 = aa + b(3 + x for some x G K and a,b G ¥ p . So 
7 p - 7 = a {a p -a)+ b{fi p - (3) + x p - x G k. Hence af + bg + x p - x G k. If a ^ 
then dividing by a we get / + a'g + x' p — x' G k for some a' G F p and x' G K . 
Otherwise 7 = 6/3 + x ^ K , so b ^ 0. Hence v(-f p — 7) = v(bg + x p — x) < 0. This 
contradicts j p — 7 G k. The rest of (2) follows. 

For (3) note that if i = j and I — —v(f + ag + x p — x) < i for some a G F p and 
x G K then I > 1 . This is because if I = then LM/ K will not be totally ramified. 
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Let h = f + ag + x p — x and 7 be such that j p — 7 = h then LM = Lif (7). So we 
are reduced to (1). Hence the upper jumps are I and i. 

Finally in the remaining scenario, if 7 £ LM is such that j p — 7 G K and 
(w(7 p — 7),£>) = 1 then in view of Lemma 12.91 v(^ p — 7) = — £. Hence by [Kuml 
Proposition 2.7] the first upper jump for LM JK is i. But the highest upper jump 
for LM I K is the maximum of upper jumps for L/K and M/K. Hence the only 
upper jump is i. □ 

3.1. p 2 -cyclic extensions. We will now consider p 2 -cyclic extensions and their 
compositum. We begin by calculating the ramification filtration of a totally ramified 
» 2 -cyclic extension of a local field K of characteristic p with algebraically closed 
residue field k. The valuation associated to K will be denoted by vk- 

Lemma 3.4. Let L/K be a p -cyclic totally ramified extension. Then there exist a 
Witt vector {ao,a\) £ Wi{L) such that (c^,a\) — w (ao,a{) — (ao,ai) £ W2(K) is 
reduced and L = K(oq, ax). Let m — —vx(cti). The jumps in the lower ramification 
filtration of L/K are no, no(p 2 — p+1) ifn\ < n$p otherwise it is no,p(ni ^no) + rio- 

Proof. The first statement follows from Artin-Schrier-Witt theory and Remark 12.71 
So no and n\ are coprime to p. Let x be a local parameter of K. Note that Oq—oq = 
a a = u a x~ na for some unit u in the valuation ring R of K . Let M = K(ao) be 
the intermediate p-cyclic extension. Note that = p and vm(oq) = —no. 

Let a = a]J na , y = a -1 . Note that as the residue field is algebraically closed, by 
Hensel's lemma, y £ M. Using the formula (|2.1[) for subtraction in the Witt ring, 
we note that 

(3.1) a\ — a\ = ct\ — a P Q p + terms of higher valuation 

If ni < n a (p — 1) then %(oJ — ai) — —n (p 2 —p+1). So the jumps in the lower 
ramification filtration are no, uq{p 2 — p+1) because the lower ramification filtration 
behaves well with subgroups and the only jump in the lower ramification filtration 
of M/K and L/M are no and n^(p 2 —p+1) respectively. 

Now suppose that n\ > rio(p — 1). In this case we shall modify a\ to di, so that 
d\ — di € M and vm{o\ — Si) is prime to p. Note that 

x n ° = u Q (a^ - a ) _1 

x n ° = u (a noP - a" )- 1 

x no = y ">oP( 1 _yPn -noyl UQ 

x = y p (l-y pn °- n °)-^(u r^ 

Using the above and noting that ct\ — u\x~ ni for some unit u\ e K, we can simplify 
equation (|3.1|) to obtain 

(3.2) af-ai = uy- niP {l-y pn °- no y^-y- nop2+nop - no + higher valuation terms 
Here u £ K is a unit. We claim the following: 

Claim. uy- nip (l - y P"o-™o)^ = ( Co y- niP + c iy ~ niP+p + +c 2 y- niP+2p + ...) + 
(b y( n °~ ni } p ~ na + higher valuation terms), where Ci and bo are in the coefficient 
field k with Co and bo nonzero. 

Proof of the claim. Since vm(v) = 1, by Cohen Structure theorem, M = k((y)). It 
is clear from the left hand side of the equation that the leading term is coy~ niP for 
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some nonzero cq in the coefficient field k. So it is enough to show that the smallest 
N such that the coefficient of y N is nonzero and (N,p) — 1 is (no — nx)p — tiq. 
Taking derivative with respect to y of the left hand side, we get 

— (LHS) = —y- ni P(l ~ yPno-no^/na + niUy -^Ph _ ypn -n a \^-l y pn -n -l 

dy dy 

Since u £ K is a unit in R, vuidu/dy) > vu{dx / dy). Moreover, x = y p (l — 

t —A. 

"o u "° implies that 

e x + e x x 2 + e 2 x 3 + ... = if {I - ^"o-no)-^ 

for some eo, ex, . . . in k with eo 7^ 0. Differentiating the above equation with respect 
to y we get, 

^(e + 2e lX + 3e 2 x 2 + ...) = ~y p (l ~ y* ,n °-™°)-^-y n °-"°- 1 
dy 

Sov M (^)=pno-n +p-l. So v M (-^{LHS)) = (n - n x )p- n - 1. This shows 
that A~ = (no — n\)p — no. □ 

Let 61 = 01 - c /p y-' ni - c\ /p y- ni+1 - ... - cj^y- ni+ri( >. Then from and 
the claim it follows that 

a\ - ai = cl /p y- ni + b y ino ' ni)p ^ n ° - y-^p'+^P-wo + terms of higher valuation 

Also note that 0' - 01 £ M and M{a\) = M(ai) = £. 

Now if no(p — 1) < ni < nop then vm{ol\ — d\) — —no(p 2 —p + 1). So the jumps 
in the lower ramification filtration in this case as well are no,no(p 2 — p + 1). 

Finally if n% > n^p then p(riQ — m) — no < — ?io(p 2 and p(riQ — rii) — no < 

—ri\. So vm(cl p — ai) — p(no — Tlx) — no and the jumps in the lower ramification 
filtration are riQ,p(ni — no) + no. □ 

Let L/K and M/K be distinct totally ramified p 2 -cyclic extension of K cor- 
responding to the reduced Witt vectors (ctQ,ax) and (/3o,/3i) in W 2 (K). We will 
compute the ramification filtration of the compositum LM/K in some cases. 

Proposition 3.5. Suppose L and M are linearly disjoint over K . Let the upper 
jumps of L/K and M/K be uq,u\ and Vq,v± respectively. Let the upper jumps of 
G = Gal(LM/ K) be Wq, Wx, • ■ ■• The following holds: 

(1) 



(u ,ui) 
(v ,vx) 



(-v K (a Q ),-v K (a Q )(p-l)), ifv K (ai) >v K (a )p 
(— «K"(ao)> Vk{ocx))i otherwise. 



(-v k (Po),-vk{/3o)(p-1)), ifv K (px)>v K {p )p 
{-v k ((3q),v k ((3 1 )), otherwise. 

(2) If uq 7^ vq then wq = min(uo,wo)- Moreover if uo, Ux, «o> Vx are all distinct 
then these are the four upper jumps of G. 

(3) Suppose uo = Vq. If there exist c £ ¥ p and x £ K such that I — — vk{olq + 
c/3q + x p — x) < uq then u>o = I otherwise wq = uq. Moreover, if Ux 7^ Vx 
then l,Uo,Ux,Vx are the only upper jumps of G in the first case and w$ = 
Uo,Ux,Vx are the only upper jumps of G with G w ° + = (Ij/pZ) 2 in the latter 
case. 



8 



MANISH KUMAR 



Proof. Statement (1) is a direct consequence of Lemma 13.41 and Remark 12. II With- 
out loss of generality, we may assume uo < vq . 

Note that G = Gal(L/K) x Gal(M /K). Let iJi and H 2 be the p-cyclic subgroups 
of Gal(L/K) and Gal(M/if) respectively. Let (a ,ai) £ W 2 (L) and (& A) G 
W 2 (M) be such that (ctg, af)- w (a , <zi) = (a ,ai) and (6g, 6f)- w (6 , 6i) = (/3 , AO- 
Note that L ffl = A'(a ) and Af Ha = if(6 ). 

If uo 7^ «o then the upper jumps of Gal(A(ao, bo)/K) = G/[H\ x H 2 ) are uo, fo 
by Proposition l3.3l By Lemma [2.3[ uo is an upper jump of G which implies wq < uq. 
Also since uo is the first upper jump of G/(H\ x H 2 ) and (G/(H\ x H 2 )) Ua+ / 1, 
we have 

G U0 (ifi x # 2 ) = G and 
H ± x H 2 C G" 0+ (#i x H 2 )CG. 
Since u>o is the first upper jump of G, by [Serl IV, 2, Corollary 3] G/G Wa+ is a 
group of exponent p. But G = (Z/p 2 Z) 2 so ff" 0+ D i?i x H 2 . If w < u Q then 
QWQ+ -) G"°. thds implies G'" 0+ = G which contradicts that wq is an upper 
jump of G. So wo = Uo- The moreover part of the statement (2) follows from 
Corollary E31 

For statement (3), we note that by Proposition ^. 31 the upper jumps of G/ (Hi x 
H 2 ) — Gal(K(ao,bo)/ K) are 1,uq if there exist c e F p and x E K such that 
/ = — Uif (ao + c/3o + x p — x) < uq. So by Lemma T2.31 I, uq, Hi, Ui are upper jumps 
of G. Also since the upper jumps of Gj(H\ x H 2 ) are l,Uo, we are in the previous 
setup. Hence wq — I and moreover if u\ ^ v\ then l,uo,ui,vi are all distinct. So 
by Corollary [2T4] these are all the upper jumps of G. 

In the case where no such c and x exist, again by Proposition ^. 3[ the only upper 
jump of G/(Hi x H 2 ) is u . So (G/(H X x ff 2 ))"°+ = 1 and {G/(H 1 x H 2 )) u ° = 
G/ffi x H 2 . But this is equivalent to G vo+ C ffi X E 2 and G"° x # 2 ) = G. 
Again G K ' 0+ D ffj x H 2 and if w < u then G K ' 0+ D G"° which would imply 
G u ' 0+ = G contradicting that wo is an upper jump. Hence wq = u . Also G Wo+ 
has index at most p 2 in G. Moreover iti and v-y are both greater than wo and they 
are upper jumps of G. Hence G™' 0+ — Hi x H 2 is exactly of index p 2 and ito, ui,«i 
are the only upper jumps of G. □ 

Proposition 3.6. Suppose L and M are not linearly disjoint over K. Then LdM 
is ap-cyclic extension of K and G — Gsl(LM / K) = Z/p 2 Z x Z/pZ. Let Uo,Ui and 
Vo,Vi be the upper jumps of L/K and M/K respectively. The following holds: 

(1) LnM = K(ao) = K(bo) and uq = vq is the upper jump of Gal(L n Mj K) . 

(2) If u\ ^ V\ then uq,u\, v% are the upper jumps of G. 

(3) If u\ = V\, suppose ao — c/3q and vk(c*i — c/?i) is different from —uq and 
—Ui for some nonzero c 6 ¥ p , then the upper jumps of G are Uq,U\ — 
vi, -v K (ai - c/?i). 

Proof. Note that G = G&\(LM/K) = Gdl(L / K)x G&l{Lr]M/K Gsl(M / K) = Z/p 2 Zx 
Z/pZ. Since L and M are distinct and not linearly disjoint, L n M/K is a p-cyclic 
extension. Note that K(ao) and K(bg) are the unique p-cyclic subextensions of K 
contained in L and M respectively. So In M — K(a Q ) — K(b Q ) and u = v . 
Moreover the only upper jump of K(ao)/K is uo. This proves (1). 

For (2), we note that uq,Ui,vi are upper jumps of G by Lemma 12.31 Since 
Mi v±, uo, Ui, v\ are all distinct. So by Corollary 12 .41 uq, u\, v\ are the only upper 
jumps of G. 
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Finally for (3), let (ag, af)- w (ao, 01) = (ao,ai) and &?)—«, (60, h) = (/3 ,/3i)- 
Since ao = c/3q for some c 6 F p , we obtain that ao = cbo + d for some d 6 F p . Since 
(dgj^i) ~~ ui (doj^i) — (OjO) for do,di 6 F p , we can modify (60,61) if necessary to 
further assume that d — 0, i.e., ao = c6o. By the subtraction formula 12.11 of Witt 
vectors, we note that 

p , r p(p-i) . (P - jj p(p-2) 2 , (g ~ l )(P - 2) ... 2 ! 
< - ai = ax + a + — - — a v 'a - . . . + — — - ^ agog j 

-n- + ^ fcPff-^fc I (P~ 1 ) |J'(P-2) h 2 (p-l)(p-2)...2 p p _! 

-011 + c[-6 6 H — 6 b — ... -\ — JZ _ b o b o I 

q 1 ,n , r .p(p-i). , , (P- !)(p-2)...2 , p , p -i n 
= ai - c/3i + c(/3i + [-b pyi 'b + ... + — ^ _ 6g6g ]) 

= ai — c/?i + c(6f — 61) 

Hence we obtain that (cii — c6i) p — (a\ — cbi) = ati — cfii. So K(ai — cb{)/K 
is a p-cyclic extension of K. Therefore by Lemma 13.11 — Vk{<%i — c/3i) is an upper 
jump of G. The hypothesis that -t)^(«i — c/?i) is different from uq and ui implies 
that the only upper jumps of G are uo,u\ and —vk(oii — c(3\) fCorollary |2.4p . □ 

4. Global applications 

For a p-cyclic cover X — >• P* branched at one point, the genus of X is easy to 
compute and has a well known formula. Any such cover is given by an Artin-Schrier 
extension Z p — Z — f where / G k[x] is a polynomial of degree r coprime to p. The 
genus of X is (p — l)(r — l)/2. This is calculated using Hilbert's different for- 
mula, Ricmann-Hurwitz formula and explicitly determining the higher ramification 
filtration at the totally ramified point of X above 00. 

We can now carry out this computation for Galois covers of P 1 of degree p 2 
branched only at one point with the aid of Proposition 13.31 and Lemma 13.41 From 
now on the base field k is also assumed to be algebraically closed. 

Theorem 4.1. Let $ : X — > P* be a (Z/pZ) 2 - cover of P 1 branched only at 00. 
At the point x — 00, after passing to completion, this cover induces a (Z/pZ) 2 - 
Galois extension of local fields L/k^x -1 )) where L = QF(Ox,*- 1 (oo))- Letao,a.\ 6 
k((x~ 1 )) be such that L is the compositum of distinct Artin-Schrier extensions 
Z p — Z — ct and Z p — Z — ct\ and ni = — v(a.i) are coprime to p for i = 0,1. 
Here v is the valuation of of the local field Then the genus of X is 

■^[{ni — l)p 2 — (ni— no)p — Uo+1] if no < n±. If no — rii and —v(cto + aa\+y p —y) > 
no for all a E ¥ p and y G then the genus is ^[(uq — l)p 2 — "0 + !]• If 

n Q = ni and for some a G F p and y G k((x~ 1 )), n' Q — — v(ao + acti + y p — y) < n 
then the genus is ^[(n — l)p 2 — (no — n' Q )p — n' + 1]. 

Proof. By Riemann-Hurwitz formula the genus of X is \[p 2 {— 2) + deg(i?) + 2], 
where R is the ramification divisor. By Hilbert's different formula and the fact 
that there is only one ramified point in X, deg(i?) = £,->o(|ii| — 1), where li are 
the lower filtration of the inertia group at the ramified point of X. 

Proposition l3.3l gives the upper ramification filtration on the inertia group. Using 
Remark 12. 11 we obtain the lower ramification filtration. The result follows from a 
straight forward arithmetic calculation. Let us perform this calculation in the 
case no < n\. The upper jumps in this case are no and n\. So the lower jumps 
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are no and (ni — no)p + no by Remark 12.11 So by Hilbert's different formula 
deg(ii) = (n + l)(p 2 - l) + (ni -n )p(p- 1). So the genus of X is i[-2p 2 + n p 2 + 
p 2 — no — 1 + nip 2 — n\p — ngp 2 + nop + 2]. Simplify the expression to obtain the 
result. □ 

Theorem 4.2. Let $ : X — > P* fe a (Z/p 2 Z)-cover o/ P 1 branched only at oo. 
j4i i/ie point x = oo, a/ier passing to completion, this cover induces a {'L/p'L) 2 - 
Galois extension of local fields L / k{{x~ 1 )) where L = QF (Ox,*- 1 («>))• ie^ao,ai 6 
/c((x -1 )) fee smc/i i/iai L is i/ie Artin-Schrier-Witt extension corresponding to the 
Witt vector (ao, ai) and n, = — v(aj) are coprime to p for i = 1,2. Pere v is i/ie 
valuation of the local field fc((a; -1 )). TTien £/ie genus of X is i[no(p — l)(p 2 + 1) — 
p 2 + 1] i/ ni < pno and |[(n.i — l)p 2 — (ni — n )p — n + 1] otherwise. 



Proof. The proof is the same as above. The only difference is that Proposition 
is used instead of Proposition 13. 31 □ 



4.1. Applications to Abhyankar's Inertia conjecture. Let G be quasi-p group 
and / < G be a subgroup. Recall that we say (G, I) is realizable if there exist a 
G-Galois cover X — ► P 1 branched only at one point oo and the inertia group at a 
point of X above oo is /. 

Theorem 4.3. Suppose (G, I) is realizable and let P be a p-group then 

(1) (G X P,I X P) is realizable. 

(2) (G,Q) is realizable where Q is any p- subgroup of G containing I2 if there 
is no epimorphism from G to any nontrivial quotient of I2 ■ 

Proof. Since (G, /) is realizable, there exist a G-cover X — » P 1 branched only at 00 
and the inertia group at a point r £ X above 00 is the subgroup /. This implies 
that the Galois group of the field extension QF(Ox,r)/ QF(O p i iOC ) is /. Since 
there are infinitely many linearly disjoint P-extension of QF(0pi iOO ) |Halj . there 
exist a P-extension Lj QF(C>ii.i i00 ) linearly disjoint from QF(Ox, r )/ QF(Opi. OQ ). 
Let Y — > P 1 be the Harbater-Katz-Gabber P-cover Y —> P 1 associated to the 
P-extension Lj QF(Oiji j00 ). Note that Y — > P 1 is linearly disjoint to the cover 
X — >• P 1 . Letting U to be the normalization of I x P i 7 we note that U — > P 1 
is a G x P cover branched only at 00. Moreover, the linear disjointness of L and 
QF(0 x,r) over QF(d P i j00 ) implies that Gal(L QF(6 x ,r)/ QF(0 P i i00 )) =IxP. By 
[Kum( Lemma 3.1], the inertia group at the point (r, 00) of the cover U — > P 1 is 

JxP. 

The second statement is a consequence of [Kuml Theorem 3.7] and [Ha2l Theo- 
rem 2]. □ 

Theorem 4.4. Suppose there is no epimorphism from G — > Z/pZ. If (G, P) is 
realizable where P < G is a p-group then there exist an index p-subgroup Q of 
P x Z/pZ such that (G x Z/pZ, Q) is realizable. 

Proof. Since (G, P) is realizable, there exist a G-cover X — > P* branched only at 
x = 00 and the inertia group at a point r£l above 00 is the subgroup P. So the 
Galois group of the field extension QF(6 x , r )/ QF(0 P i j00 ) is P. Let L = QF(O x ,r) 
and X = QF(6 P i i00 ) = M^- 1 )). 

Let Pi be an index p (normal) subgroup of P. Then L Pl is an Artin-Schrier 
extension of K. Let a € L be a reduced AS-element such that L Pl = K{a) and 
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ft = a p — a. Note that ft = c n x n + c n -ix n ~ 1 + . . . cix + cq + c-ix~ 1 + ... for some n 
coprime to p, c„, c n -i, . . . £ k and c„ ^ 0. Let ft' = ft + cx for some nonzero c £ k 
such that Z p — Z — ft' is an irreducible polynomial in L[Z]. Let a' 6 i be such 
that a' p — a' = ft' . Then L and if (a') are linearly disjoint over if. Let Y —> P 1 be 
the p-cyclic Harbater-Katz-Gabber cover associated to the extension of local fields 
K(a')/K and coy be the point lying above x — oo. Note that the covers Y —> P* 
and X — » PjJ. are linearly disjoint because k(Y)K — K(a') and k(X)K = L. 

Let f7 be the normalization of X x F i Y. Then J7 is smooth and irreducible. 
The cover U — >■ P* is a G x Z/pZ cover branched only at a; = oo. Moreover by 
|Kum( Lemma 3.1] the inertia group and the ramification filtration at the point 
r' = (r, ooy) € U is given by the extension of local fields L(a')/K. So the inertia 
group is I = P x Z/pZ. Set 7 = a' — a € L(a'). Then 7 P — 7 = ex. Since 
if (7) C L(a'), there is an induced epimorphism on the Galois groups <p : I —> Z/pZ. 
Let Q = ker((f>) then Q is an index p subgroup of P x TLjpTL and L(a')® = K (7). 

We note that fc(a;)(7) and fc(J7) are linearly disjoint over fc(a;). To prove this, 
let us assume the contrary. Then A; (a;) (7) C k(U) = k(X)k(Y) which induces an 
epimorphism on Galois groups <f> : GxZ/pZ — > Z/pZ. By assumption ^>\q is not sur- 
jective and hence trivial. Hence G = ker((f) and by Galois theory {k(X)k(Y)) G — 
k(x)(j). But this implies k{Y) — k(x)( / y) and hence K(a') = K(j), a contradiction. 

Let V — > Pj. be the p-cyclic cover corresponding to the extension k(x)('y)/k(x) 
and W be the normalization of U Xj»i V. Let ooy S V be the point lying above 
x = 00 and r" = (r',coy). By |Kum|, Proposition 3.5], the inertia group of the 
cover W V at r" is Q. Since k(U) and fc(V) are linearly disjoint over k(x), 
we get that W is connected and Gal(k(W)/k(V)) = Gal(k(U)/k(x)) = Gx Z/pZ. 
Moreover, — > V is branched only at 00 v< Finally, since V is isomorphic to P 1 , 
we get that (G x Z/pZ, Q) is realizable. □ 

Corollary 4.5. Suppose (G, I) is realizable and P < G be any p-group containing 
I2. Also assume that there is no epimorphism from G to Z/pZ. Then there exist 
an index p- subgroup Q of P x Z/pZ such that (G x Z/pZ, Q) is realizable. 

Proof. It follows from Theorem 14.31 and Theorem 14.41 □ 

Theorem 4.6. Suppose (G, P) is realizable, there is no epimorphism from G — > 
Z/pZ and P has a p 2 -cyclic quotient a : P — > Z/p 2 Z. Then there exist an index p 
subgroup Q of P x z / pZ Z/p 2 Z such that (G x Z/p 2 Z, Q) is realizable. 

Proof. As in the previous proof, there exist a G-cover X — > P 1 branched only at 
00 and the inertia group at a point r £ X above 00 is the subgroup P. The Galois 
group of the field extension L/K is P where L — QF(Ox,r) and K = QF(0 P i >oo ) = 
/c((x -1 )). Let P\ — ker(a). Then L Pl is an Artin-Schrier-Witt extension of K 
corresponding to a reduced Witt vector of length two. Let (eto,cti) S W%{L) be 
such that («o,af) — (ao,ai) = (/?o, € W2(K) and L Pl = if(ao,ai). Let 
ft[ = ft 1 + cx for some nonzero c € fc such that the Artin-Schrier-Witt extension 
of K corresponding to the Witt vector (fto, ft[) is a Z/p 2 Z extension of K different 
from K(ao, a\). Let a[ be such that (ctg, a'f ) — (cto, a[) — (fto, ft'i) then K (ao, a\) 
and K(ao, a[) are linearly disjoint over K(ao). Let Y — >• P 1 be the Harbater-Katz- 
Gabber cover associated to the local fields extension if (ceo, a'^j/K . So fc(Y)if = 
if (ao, a'i). 
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Since there is no epimorphism from G —> Z/pZ, the extensions k(Y)/k(x) and 
k(X)/k(x) are linearly disjoint. To see this, let M — k(X) n k(Y) and suppose 
k(x) C M. Then M/k(x) is either p-cyclic or p 2 -cyclic. In either case, we get an 
epimorphism from G — > Z/pZ contradicting the hypothesis. 

Letting U to be the normalization of X x P i Y we note that U is smooth and 
irreducible. The cover U -> P' is a G x Z/p 2 Z cover branched only at oo and 
the inertia group and the ramification filtration at r' — (r, ooy) £ U is given 
by the extension of local fields LK(ao,a' 1 )/K. Hence the inertia group is I = 
P x z / pZ Z/p 2 Z. By Proposition I3.6f 3) —Vk{Px — — 1 is an upper jump of I. 
Moreover, letting a = a.\ — a' lt we note that a p — a — j3i — (3[ € K and a ^ K . Let Q 
be the indexp subgroup of / given by Gal(K («o ; CKij a i)/-^( a ))- Note that K(a)/K 
is a p-cyclic extension with the lower jump at 1. So the Harbatcr-Katz-Gabber cover 
V — » Pj, associated to this extension has the property that V is isomorphic to P 1 . 
As in the above proof k(U) and k(V) are linearly disjoint over k(x). Let be 
the normalization of U Xpi V then is smooth and irreducible. Again we apply 
[Kum( Proposition 3.5] to conclude that (G x Z/p 2 Z, Q) is realizable. □ 

Corollary 4.7. Suppose {G,I) is realizable. Let P be any p- subgroup containing 
I2 and assume that P has a p 2 -cyclic quotient a : P — > Z/p 2 Z. Also assume that 
there is no epimorphism from G to Z/pZ. Then there exist an index p subgroup Q 
of P x z / pZ Z/p 2 Z such that (G x Z/p 2 Z, Q) is realizable. 
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